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AAP principle .

Assume 40 is a solution to

- All +Vu = 9- in 8 e- IR "

⇒ I look -1542 = SINA.fm?+SEif ,
To face:(D)

⇒ T.la/2=e+if&-. , fleece:(IR:{B)
☒
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>

,
N > 3



To prove H
.

I
. simply take u* = 1×1

- E-
:

- ☐ U* - ¥÷u* = 0 in IR
"
- { o}

Why CH is optimal ? Assume not :

Shoot -⇐ + e)9%-2=0 ?
RR

Take u*= 1×1
-%) ?÷⇒

'

t.EE( p = RR UK
• Stolen /2- (e*§%É =D far /Text - eSY¥T. so

D.→a

¥ → 1- as

Ur → Ux ( 1×1 >2)
, gY¥-, = + as Too⇒ Cti is optimal



Improved Hardy inequality
u (r) = r - eog

B G) > 0 in 1×1 > I

- All - 9¥ u = poll - p) r
-¥-2 logB-%)

= £Y¥-gÉu-Diuidebyu@Slriet-ei.is¥t poll - B) I,¥q×T ,
is -

tip tie e- C7C 1RM Bi)÷Érs °



Improved Hardy lneq :

Shut = ex 9%-2+48 ¥54T '
u*= 1×1

-⇐
log! / ¥1 the e- C-( IR" -Br)

-



First Dirichlet eigenvalue in RE1R
"

{-Ah = till , in Ratio - bounded domain9 = 0 on DR

Qi > 0 in D - principal eigenvalue
a > 0 - principal eigeu.suaction

④⇒ Sheet > a. Sie Haec:(E)
a a

G - BUI - till = 0
,

Q ,
> 0

.
Take 4×1--4 , B



Torsional Hardy inequality

{ ☐ Ya =L in DE1R
"
- bounded domain

Ya -0 on @R 4s e- CYST)
- torsion function of @

,
4s > 0

A①
gloat = 51-1=42 fleece:(R)⇒

- torsional Hardy inequality
Exercise : →



Exercise : 114s Has = IT
⑧ Hi - principal eigeufunet , Sai = I

a.Sui ⇒ trial> = 5¥? = ing¥1-7

- ¥11s
D= BR ⇒ At a ⇐

⇒ H4B
@
No = 4Bp(o) = ¥ = £



2. Energy space
AAP principle : Assume 3- u* >0 :

- DU * + Vu * = 5- in 8 , 9- o_0

Then Er (e) :=9I☐aP+Vñ =\ £+42 ,
a

face:(d)
Note that 114th = (Eula))"

'

is a
"
norm

"

(4,41=5 Q☐4 +I V44 is a "scalar product
"

If V70 this is easy to see



Theorem
.

Assume 3- A c- Ltoe (D)
,
a> 0 a.e.

E-
* (a) = Set) 42 to e- e? (D) G)

-£

Then the completion
"

of C8 (8) w.int .

114th = (E* (D)" is the Hilbert space①④
( ie ,42--5 do +IV44 - scalar prod .

② (D) eo [ (R
,
+G) dx)

(*) - Lambda property



Sketch of the proof :

e) Hell v is a norm on C? (D) (How⇒⇒ 4--0)
EE0

2) (Uu) - Cauchy sequence w.at . 1141h
⇒ (Uu) is Cauchy in LTR , ✗G)dx)

4 § ten -unfit))
"
't ⇐ ( un - em))'" = ken - a .nl/v

¥ ⑦ → o

E
( L2 is Banach)⇒ Un Es 40



Define E-
✓ ( Ui) : = him Ellen)

h-0 as

We
say then Cloe②I (8) - the e.ompeeti.is
of C? (8) w.r.to .

to 11.11 v

We can do this for every Cauchy seq .

Moreover
,
② E- (8) co LID ,

- dx) ↳



Example : - D on IR
"

,
N > 3

.

Take u*= (1+1×12)
-¥

- Taeeuti Function

-☐ U* = e , (1+1×12)
- E-

a u*
:#

in IRN
-if

a(x) = £
,
=u*u¥ = u*

#
= (1+1×12)

"

⇒ ② (A) aol.TN
,
(1+1×12)"d×)

②
'

•
(RN) - completion of CF4R')
went

.⑨ In
"
2- homogeneous Sobolev

nor



It!(IR ') - completion of CH1R ') w.at . bathsof
"

- well defined for D= 1
.

② '

•
(RN ) - defined for N >3 only

② ! (A) =/ HY1R ')
- D on IR2 does not satisfy a -property
Liouville thin .

- const is the only positive
super harmonic on IR2


